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The parameter estimation problem and its application to industrial data obtained
from polymerization processes are analyzed. The polymerization process model consists
of the material balances with the polymerization kinetics for the reactor and a simplified
dynamic model for the downstream separator. The estimable kinetic parameters in the
process model are obtained for plant data by analyzing the associated optimization
problem. Two kinetic parameters are estimable for the copolymer data and the ho-
mopolymer data based on the information in the a®ailable industrial plant data. The
identified process model forms the basis for a monitoring and feedback control system
for these processes.

Introduction
Physical models can be utilized to gain insight into the on-

going phenomena in polymerization processes. In this article,
a detailed process model for a full-scale industrial process is
validated from historical plant data using maximum likeli-
hood estimation for the kinetic parameters. The data and pa-
rameters shown in this document for the industrial process
have been scaled because of proprietary reasons. The model
validation problem has not been studied in much detail due
to the fact that most researchers do not have access to indus-
trial data sets. Some results on model validation have been
obtained for data sets from carefully monitored laboratory
experiments that may not show typical behavior of a full-scale

Žindustrial process Soroush and Kravaris, 1992; Crowley and
.Choi, 1996; Lewin, 1996 . Ogunnaike has reported estimating

parameters in a fundamental model using plant startup data
Ž .for an industrial terpolymerization reactor Ogunnaike, 1994 .

The approach taken in this work is to use the available
industrial data for model representation without imposing
additional requirements on the process measurements or de-
signing extensive, new identification experiments. The model-
ing objective is to produce the best available model represen-
tation with the available process information. The physical
nonlinear model framework is chosen to capture the informa-
tion that is present in the process measurements for the in-
dustrial data sets. The alternative approach of local linear

Ž .models Banerjee et al., 1997 is not used to avoid extensive
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bookkeeping arising from numerous grades of the polymer
product that rapidly evolve due to the changing needs of the
customer and the desire of the manufacturers to find new
uses for the polymers. This market scenario imposes new
grade requirements for the product, thereby making it harder
to maintain a set of linear models that capture the required

Žprocess features. The approach of empirical models Yabuki
.and MacGregor, 1997; MacGregor et al., 1994 also suffers

from the same drawbacks. On the other hand, the ap-
proaches of linear models and empirical models may perform
well when the product requirements are not changing often
and the reactor is mostly operated around a fixed operating
range without large disturbances or plant�model mismatch.

Process Description and Model
The industrial polymerization process consists of a well-

mixed reactor followed by a product separator, shown in Fig-
ure 1. This process is used to make various grades of copoly-
mer and homopolymer. The copolymer grades are character-
ized by the ratio of comonomer to monomer in the copoly-
mer product. The polymer viscosity is also varied for each
copolymer grade, depending upon the market requirements.
The homopolymer grades are characterized by the average
molecular weight of the product. The hydrocarbon feed con-
sists of monomer, comonomer, and an inhibitor dissolved in a
solvent. A cocatalyst is also dissolved in the solvent and fed
to the reactor. The transfer agent is used only to make the
homopolymer, while the comonomer is used only for the
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Figure 1. Exxon polymerization process.

copolymer. A coolant is employed for the removal of heat
released due to polymerization. The polymer product is sepa-
rated from the unreacted hydrocarbons in a downstream sep-
arator. A physical model based on first principles is proposed
to capture the information in the process output measure-
ments and to develop appropriate feedback control strate-
gies. The process model is a quantitative representation of
the various reactions taking place in the reactor along with
other physical phenomena governing the polymerization pro-
cess. The flow rate and composition of the feed and product
streams are measured along with the reactor temperature.
An off-line laboratory measurement is made for the polymer
viscosity of copolymer and average molecular weight of ho-
mopolymer.

Polymerization kinetics
Ž .The copolymerization of monomer M and comonomer

Ž .C is carried out at low temperature using an inorganic cata-
Ž . Ž .lyst A . The catalyst is accompanied by a cocatalyst RH

Ž .that renders it more reactive. There is no transfer agent T
Ž .for the copolymerization process. An inhibitor B that con-

tributes to the termination of active polymer chains also en-
ters the reactor. The reaction mechanism, which is an ideal

Žcopolymerization based on the reactivity ratios Kennedy and
.Marechal, 1991 , can be divided into the following reactions´

Ž .Figure 2 . The homopolymerization process can be consid-
ered as a modification of the copolymerization process that

Ž . Ž .has only one monomer M and also has a transfer agent T .
The reactions are assumed to be irreversible and first or-

der with respect to each reactant. The kinetic rate constants
for the reactions are assumed to have a dependence on tem-
perature given by the Arrhenius equation. These rate con-
stants are assumed to be independent of reactor composition

Ž . Ž q.or chain length j of the active polymer P . This simplej
reaction mechanism is proposed to quantify the information
available in the process measurements due to polymerization
reactions. A few of the reactions are assumed to be negligible
compared to the rest of them based on previous laboratory
and simulation studies. The rate constants corresponding to
those reactions are set to zero. These reactions are not clearly
identified in this report so that the exact proprietary kinetic
scheme for the polymerization process is not disclosed.

The differential material balances, including the rate ex-
pressions coupled with the equations for the physical phe-
nomena, constitute the dynamic process model. The proba-

Ž .bility of propagation of active polymer chains � can be
Ž . Ž .evaluated for mass fractions x and molecular weights Mi i
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of reactor constituents i

x xM C
k qkp pM CM MM C

�s 1Ž .x x x XM C T B
k qk qk q k qk qk qk qkŽ . Ž .p tr T p tr T tr TM M M C C C T BM M M MM C T B

The model is simplified using quasi-steady-state approxima-
tions for the active polymer chains because of their rapid
equilibration relative to other components. These approxima-
tions can be simplified to yield the following algebraic equa-
tions for molar concentrations of active polymer chains

�
q qw xP s P 2Ž .Ý j

fs1

q w qxw xP s P 1y� 3Ž . Ž .1

q qP s � P 4Ž .j jy1

Moments for the acti©e and dead polymers
The polymer viscosity is measured for the copolymer, and

the average molecular weight is measured for the homopoly-
mer. The polymer viscosity is related to the average molecu-
lar weight by an empirical formula. The weight-average
molecular weight for the polymer is obtained using leading
moments for the molecular-weight distribution. Hence, there
is no need to evaluate explicitly the entire chain-length distri-
bution of the polymer. The moments for the molecular-weight
distribution can be calculated by employing generating func-

Ž .tions Ray, 1972 . In this case, the leading moments for the
polymer are obtained by explicitly evaluating the series sum-
mations involved. The zeroth and first moments for the mass
fraction of the dead polymer can be defined as

�
k� s j x , ks0, 1 5Ž .Ýk Pj

js1

Figure 2. Reaction mechanism for Exxon’s polymeriza-
tion process.

Leading moments of the differential molecular-weight dis-
tribution are also used to describe the state of the active
polymer chains. The zeroth and the first moments of the
number chain-length distribution for the active polymer
chains can be defined as

�
q k q� s j P , ks0, 1 6Ž .Ýk j

js1

Using Eqs. 3 and 4 to evaluate the sum to get the first mo-
Ž q.ment �1

w q xP
q� s 7Ž .1 1y�

The differential component balances for the various species
in the reactor are obtained by using the CSTR assumption.
The assumption that the species are well mixed in the reactor
is justified because of the low Peclet number obtained from

Ž .dimensional analysis Bindlish, 1999 . An energy balance can-
not be closed effectively to obtain a differential equation for
the reactor temperature because of a lack of reliable mea-
surements for the reactor coolant flow rate. Hence, the reac-
tor temperature is used as a measured input in the process
model. The differential equations for material balances along

Figure 3. Scaled simulated inputs for copolymer.
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with the algebraic equations constitute the dynamic model of
the reactor.

The reactor is followed by a separation unit that has dy-
Ž .namics due to mixing. The residence time � of the unre-

acted hydrocarbon in the separator is expressed as a first-
order lag. The mass fraction of monomer in the effluent gas
Ž .x and the mass fraction of comonomer in the effluent gasMe
Ž .x are evaluated asCe

dx 1 xM Me s y x q 8Ž .Medt � 1y xS

dx 1 xC Ce s y x q 9Ž .Cedt � 1y xS

Parameter Estimation
Parameter estimation is carried out for the Exxon polymer-

ization process to validate the process model. Several physi-
cal and kinetic parameters appear in the process model de-
veloped in the previous section. The physical parameters, like
the reactor volume and species densities, are fixed based on
process knowledge. Each kinetic parameter has a preexpo-
nential factor and an activation energy associated with it

ksk eŽyErRT . 10Ž .o

Ž .The activation energies E have been fixed based on pre-
vious simulation and experimental studies. The preexponen-

Ž .tial factors k of the kinetic parameters are estimated nexto
from historical plant operating data.

Likelihood function formation
Ž .The maximum likelihood estimate Bard, 1974 is applied

Ž .to evaluate the parameters � in the process model. The
likelihood function, which is the joint probability distribution
function of the observations, is maximized with respect to the
unknown parameters. The problem is formulated in terms of

Ž .maximizing the logarithm of the likelihood function ln L
since it is a simpler expression than the likelihood function
Ž . Ž .L itself. The various experiments is1 ��� n with sensor

Ž .outputs as1 ��� m contain the process information that is
Ž Ž ..utilized for parameter estimation. The errors e � in theia

sensor outputs are assumed to be independent and normally
distributed with a variance ® . The logarithm of the likeli-a

Ž .hood function L can be expressed as

m

ln Lsy nmr2 ln 2� y nr2 ln ®Ž . Ž . Ž . Ž .Ý a
as1

m n
y1 2y1r2 ® e � 11Ž . Ž .Ý Ýa iaž /

as1 is1

Ž .Seeking values of error variance ® that maximize ln La
gives

n
2® � s 1rn e � 12Ž . Ž . Ž . Ž .Ýa ia

is1

The logarithm of L can be reduced to

m n
2w xln Ls mnr2 ln nr2� y1 y nr2 ln e �Ž . Ž . Ž . Ž .Ý Ý ia

as1 is1

13Ž .

Maximizing ln L is equivalent to minimizing

m n
2	 � s nr2 ln e � 14Ž . Ž . Ž . Ž .Ý Ý ia

as1 is1

Ž .The preceding objective function 	 is minimized to ob-
tain a maximum likelihood estimate for the kinetic parame-
ters. The confidence intervals are obtained by linearizing the
model equations at the values of the estimated parameters. It

Ž .can be shown Bard, 1974 for maximum likelihood estimates
with normal distributions that the covariance matrix of the

Ž .sampling distribution of the parameter estimate V can be�

approximated from the Hessian of the logarithm of the likeli-
Ž . Ž �.hood function ln L at the optimal parameter estimates �

y12
 ln L
�y1V fH sy 15Ž .� ž / �
�
� �s �

Ž �.If the sampling distribution of parameter estimates � is
normal and unbiased then

T� �y1 2�y� V �y� F� l 16Ž . Ž . Ž . Ž .�

where l is the number of parameters. The 95% confidence
Ž .regions for the parameters Eq. 16 are obtained after com-

Ž .puting the covariance of the estimates V .�

Simulated data
The parameter estimation problem is first examined using

simulated data corrupted with noise. This study is carried out
to determine the kinetic parameters that may be reliably esti-
mated using the available measurements. The pre-exponen-
tial factors of the kinetic parameter k , k , and k arep tr TM C C

estimated. These parameters are chosen because the singular
value decomposition of the Hessian indicates that these three
parameters may be estimable. The inputs for the simulation

Ž . Ž .of the reactor are hydrocarbon feed w , catalyst feed w ,1 2
Ž . Ž .transfer agent feed w , monomer mass fraction in w x ,T 1 M1

Ž .comonomer mass fraction in w x , inhibitor mass fraction1 C1
Ž . Ž .in w x , mass fraction of cocatalyst in w x , and tem-1 B 2 R H1 2

Ž .perature of reactor T . The catalyst feed and reactor tem-
Ž .perature Figure 3 are varied during the polymerization pro-

cess. The monomer mass percent in the separator effluent
Ž se.M , the comonomer mass percent in the separator effluent
Ž se. Ž .C and the polymer viscosity � are the available mea-
surements used in parameter estimation. These simulated
measurements obtained using nominal parameter values are

Ž .corrupted with noise Figure 4 and then used to estimate the
kinetic parameters.
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Estimation Problem Analysis.. The least-square estimation
problem is first analyzed for the linearized model to obtain
the well-determined kinetic parameters. The linear least-

Ž .square problem with process measurements y and Jacobian
Ž .J can be written as

y s J� 17Ž .
Tf � s yy J� yy J� 18Ž . Ž . Ž . Ž .

Ž .The Hessian of the least-square objective function Eq. 18
can be written as

H s J TJ 19Ž .

The singular-value decomposition gives

T T 2 T � � � � � � � 2 �J suÝ® , HsuÝ u , J s Ý , H s Ý

20Ž .

Ž .Using the perturbation bound Lawson and Hanson, 1995
Ž .for the case where there are more measurements y com-

Ž .pared to parameters � results in the following expressions

d� y dy
F cond J 21Ž . Ž .

� J � y

cond JŽ .
d� F dy 22Ž .

J

Ž .The error bound for the parameters � can be obtained
using the norms given in Eq. 20


 HŽ .maxId� I F IdyI 23Ž .2( 
 HŽ .Ž .min

Ž .This error bound Eq. 23 gives the well-determined set of
parameters based on the process information available in the
sensor outputs.

This estimable set of parameters is chosen to avoid saddle
points and ill-conditioned solutions. The Hessian of the ob-
jective function shown in Eq. 14 is evaluated using second-
order finite differences. There are two sources of error in the

Ževaluation of numerical derivatives, truncation error caused
.due to neglected terms of the Taylor series , and the round-off

Ž .error caused by inaccuracies in computed function values .
The truncation error is an increasing function of step size
Ž .h , while the round-off error is a decreasing function of h.
The step size for the finite differences is chosen using a pro-

Ž .cedure Gill et al., 1981 to balance these two sources of er-
Ž .ror. The Hessian H at the optimal parameter values for the

simulated data with added random noise is

k k k k k kp tr T p i 1M C C C o Mo o o o o

5 4 5 5 4 23.49�10 y1.29�10 y5.93�10 2.56�10 1.59�10 8.14�10
4 4 3 4 2 1y1.29�10 5.26�10 y6.29�10 y3.34�10 4.13�10 2.26�10
5 3 6 5 4 3y5.93�10 y6.29�10 1.34�10 y7.44�10 y3.61�10 y1.86�10Hs
5 4 5 5 4 32.56�10 y3.34�10 y7.44�10 5.21�10 1.98�10 1.03�10
4 2 4 4 3 11.59�10 4.13�10 y3.61�10 1.98�10 1.02�10 5.35�10
2 1 3 3 18.14�10 2.26�10 y1.86�10 1.03�10 5.35�10 3.02

The singular-value decomposition of H gives

HsuÝ2uT

where

62.03�10 0 0 0 0 0
50 1.71�10 0 0 0 0

40 0 6.76�10 0 0 02Ý s
10 0 0 4.68�10 0 0

0 0 0 0 1.50 0
y10 0 0 0 0 1.79�10

y0.36 0.68 y0.39 y0.01 y0.50 0.00
0.01 0.13 0.86 y0.01 y0.50 0.00
0.81 y0.10 y0.28 0.02 y0.50 y0.00us y0.46 y0.71 y0.18 y0.01 y0.50 0.00

y0.02 0.00 0.01 1.00 y0.00 y0.07
y0.00 0.00 0.00 0.07 y0.00 1.00
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Figure 4. Scaled simulated outputs for copolymer.

The columns of u indicate that only three of the first four
Žparameters can be estimated based on the error bound Eq.

.23 . Substituting the appropriate values in Eq. 23 gives

I�� IF0.021I� yI

Estimation Results. The maximum likelihood estimates for
the three well-determined parameters are obtained by start-

Žing at different initial guess values using GREG Stewart et
.al., 1999 to test and confirm the conclusion from the Hessian

analysis that the parameter estimation problem is well de-
fined for those three parameters. The parameter estimates

Ž .and the confidence intervals obtained from GREG Table 1
are identical irrespective of the initial guesses. The sensor
measurements corresponding to the estimates in the last row
of Table 1 are compared with the simulated data. The pre-
dicted responses from the parameter estimates fit the simu-

Ž .lated data well Figure 4 .
An attempt to estimate more than three kinetic parame-

ters results in different modal estimate values depending on
initial guesses giving identical fits to simulated data. Hence,

Table 1. Scaled Parameter Estimates Resulting from
Simulated Copolymer Data

k k k No. ofp t r TM C Co o o Iter.

Initial guess 30.000 27.700 25.500
Estimate 30.000 27.709 25.499 4
95% confidence interval �0.007 �0.009 �0.003
Initial guess 34.000 27.700 25.500
Estimate 30.000 27.709 25.499 6
95% confidence interval �0.007 �0.009 �0.003
Initial guess 30.000 31.000 25.500
Estimate 30.000 27.709 25.499 7
95% confidence interval �0.007 �0.009 �0.003
Initial guess 30.000 27.700 21.000
Estimate 30.000 27.709 25.499 6
95% confidence interval �0.007 �0.009 �0.003
Initial guess 33.000 31.000 22.000
Estimate 30.000 27.709 25.499 6
95% confidence interval �0.007 �0.009 �0.003

Ž .the analysis indicates that only three parameters Table 1
are estimable using simulated data with no plant�model mis-
match. More parameters can be estimated if the reactor com-
position is also measured. It is currently not feasible to mea-
sure the reactor composition because of the nature of the
polymer.

Estimation for copolymer
The parameter estimation results for copolymer plant data

are typical of the 13 data sets provided by Exxon. The preex-
Žponential factors of the kinetic parameters k propagationpM

. Ž .due to monomer and k propagation due to comonomerpC

are obtained using historical plant data. These two parame-
ters are chosen based on the analysis of the Hessian for pa-
rameter estimation, as illustrated previously. The analysis in-
dicates that the plant data are informative enough to esti-
mate only two of the six unknown kinetic parameters. The
kinetic parameter estimates using historical plant data are
given in Table 2. The parameter estimates and the confi-
dence intervals obtained from different data sets are similar.
The 95% confidence intervals for the preceding parameters

Ž y3 y2 .are tight order of magnitudes10 �10 . The predicted
measurements corresponding to the estimates in the last row
of Table 2 fit the validation data set reasonably well. The
predicted responses of the monomer mass percent in the sep-
arator effluent, the comonomer mass percent in the separa-
tor effluent, and the polymer viscosity are compared with the

Ž .plant data for the validation data set Figure 5 . The rela-
tively constant bias in the fit to the viscosity measurement

Table 2. Scaled Parameter Estimates Resulting from
Copolymer Plant Data

k kp pM Co o

Data set 1 30.412�0.027 32.740�0.013
Data set 2 30.296�0.029 32.880�0.018
Data set 3 30.282�0.017 32.676�0.009
Data set 1q2q3 30.348�0.016 32.720�0.008
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Figure 5. Scaled outputs for copolymer validation plant
data.

means that part of the model is a good candidate for an out-
put disturbance model if one employs a feedback-control
scheme based on this model.

Estimation for homopolymer
The reactors are also used to make different grades of ho-

mopolymer without a comonomer in the process. A transfer
agent is also fed into the reactor to make homopolymer. The

Ž .polymer molecular weight M and the monomer mass per-p
Ž se.cent in separator effluent M are the available measure-

Table 3. Scaled Parameter Estimates Resulting from
Homopolymer Plant Data

k kp t rM To o

Data set 1 33.738�0.262 27.074�0.479
Data set 2 33.126�0.126 25.217�0.188
Data set 1q2 33.550�0.149 26.111�0.337

Figure 6. Scaled outputs for homopolymer validation
plant data.

ments. The maximum likelihood estimates for the kinetic pa-
Ž .rameters k and k are obtained using historical plantp trM To o

data. These two parameters are estimable based on the Hes-
sian analysis. The analysis indicates that only two of the four
unknown kinetic parameters are estimable. The kinetic pa-
rameter estimates are obtained using plant data for different

Ž .grades of homopolymer from the process Table 3 . Similar
parameter estimates are obtained from different data sets.
The predicted measurements corresponding to the modal es-
timates in the last row of Table 3 are compared with the
homopolymer validation data set from the reactor. The pre-
dicted responses of the monomer mass percent in the separa-
tor effluent and the polymer molecular weight match the ho-

Ž .mopolymer plant data closely Figure 6 .

Conclusions
The physical nonlinear model framework is chosen to

achieve modeling objectives for the polymerization processes.
The details of the nonlinear model are tailored according to
the available process information. The physical model is vali-
dated by using extensive historical data after performing a
quantitative analysis to determine the estimability of the ki-
netic parameters based on the information content in the
available industrial data. The numbers of estimable parame-
ters are fewer for real plant data compared to simulated data
with noise. Two kinetic parameters are estimable for the
copolymer data and the homopolymer data based on the in-
formation in the industrial plant data. The identified process
model has been used to develop and implement a feedback
control and monitoring system for prototypical industrial

Ž .polymerization processes Bindlish, 1999 .
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